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! Abstract 



> 



We discuss the quark condensate of the vacuum inside the baryon. We analyze 
the 1+1 dimensional chiral bag in analogy with the realistic 1+3 dimensional one. 
\jQ I The Nambu-Jona-Lasinio (NJL) type interaction is used to investigate the quark 

' condensate in the chiral bag. Considering the strong meson-quark coupling, we 

solve the mean field solution to the scalar and pseudoscalar channels. Extracting 
the finite values of the chiral Casimir energy and the quark condensate by proper 
I regularization, the resulting self-consistent equation allows a generation of a finite 

■ dynamical quark mass inside the bag. 

1 Introduction 



X 



The QCD vacuum is a non-perturbative system, and makes it difficult to study the physics 
of the strong interaction. Since the early stage of the study of QCD, the MIT bag model 
has been one of popular models of hadrons pj. There, the inside of the bag is assumed 
to be a perturbative space, and the quark dynamics is treated perturbatively with much 
success [2] . Furthermore by requiring chiral symmetry, the bag model was shown to have 
a pion cloud [3], H] . The chirally symmetric coupling between pions and quarks at the bag 
surface gives a conservation of the axial vector current. However, the strong pion-quark 
coupling causes an instability of the bag itself El [7j. In order to avoid this problem, 
a Skyrmion was introduced outside of the bag, whose model setup is called as the chiral 
bag model. Other extensions, such as the cloudy bag model [S], the chiral bag model with 
vector mesons [9], are also useful models. 

In the QCD vacuum, chiral symmetry is spontaneously broken and the constituent 
quark mass is induced dynamically ^lOj. The non-perturbative structure of the vacuum 
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in the bag is a long standing problem [HI [T2l [131 El 113 [SI [U] • Contrary to the original 
expectation, it is interesting to see that the vacuum structure inside the bag may become 
nontrivial, where quark and gluon condensates may take finite values due to the boundary 
conditions. In the chiral bag, the pion cloud is also a source for non-perturbative nature 
inside the bag, since the pions and quarks interact with each other strongly |15j. For 
instance, the quark scalar condensate has a finite value {ipip) — — (O.lGeV)^ in the MIT 
bag model pTj and also in the chiral bag model [IS]. It is comparable to the observed 
value — (0.25GeV)^ as given in the Nambu-Jona-Lasinio (NJL) model and the other 
approaches. Therefore, it would be a natural question whether the non-perturbative 
vacuum is induced by the boundary conditions or some dynamical interactions such as 
the NJL one. 

In this paper, to understand the non-perturbative dynamics in the bag, the NJL 
interaction is introduced as a quark-quark interaction inside the chiral bag [131 E]. This 
approach is justified when the color confinement is caused by long range gluon dynamics 
at distance ~ 1 fm, while the chiral symmetry breaking occurs at shorter distance scale 
~ 0.2 — 0.3 fm, as suggested by instanton dynamics [Ml [TTl [THl [191 ED]- Indeed such a 
separation of the length scales has been considered in the context of the NJL model in 
the hadron dynamics [20j. In recent approaches based on AdS/CFT correspondence, it is 
suggested that there is a window of the gauge coupling where chiral symmetry breaking 
occurs in a deconfinement phase [2T] . 

Further analysis for the hybrid model of the NJL model and the chiral bag model, 
which may be called as the NJL chiral bag model, was given in [22l [23l [231 ISSl [32] . It is 
well known that the strong pion-quark coupling in the chiral bag causes the chiral vacuum 
polarization inside the bag [21 [3 [SI IS [Zl [2Sl [2Zl [2EI [301 [221 [HI [32. Familiar examples 
are the conservation of baryon number and the chiral Casimir energy [151 ESI HO] ■ It was 
shown that the NJL chiral bag with finite quark mass also holds the properties of the 
vacuum polarization [HI [32] . 

In the previous studies of the NJL bag model [221 1231 1231 [23 [32] , only the scalar con- 
densate was considered. However, this channel causes a divergence of the chiral Casimir 
energy in the limit of zero bag radius. In the present work, we will show that a self- 
consistent solution can be found with finite quark condensates for the baryon number 
B = 1 system by considering not only the scalar channel but also the pseudoscalar chan- 
nel. The latter channel is required by the hedgehog ansatz in the pion sector. In this way, 
we can study the quark condensates inside hadrons (quark bag) by both quark bound- 
ary conditions (chiral Casimir effects) and the self-consistency condition from the NJL 
interaction. We evaluate the quark condensates as mode sums in the chiral bag model 
without introducing a cutoff as in the ordinary NJL model. We consider this as a counter 
representation of the long-range dynamics with a cutoff, which is valid inside the chiral 
bag. 

In this paper, in order to avoid numerical complications of the 1+3 dimensional model, 
instead, we consider a 1+1 dimensional system with the Gross-Neveu model [33] in analogy 
with the realistic case. In this way, we expect to learn essential non-trivial dynamics of 
the NJL interaction inside the bag. In our model, quarks are confined in a finite segment 
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of the line in a U(l) x U(l) chirally symmetric way. This simphfication has an advantage 
that an analytical calculation can be performed. Such a model setup does not modify the 
qualitative feature of the chiral vacuum polarization in the realistic 1+3 dimensional bag. 
Indeed, in the conventional chiral bag model with massless quarks, the 1+1 dimensional 
chiral bag was shown to provide a clear understanding of the quark vacuum polarization 
properties [Ml 135] . 

This paper is organized as follows. In Section 2, the NJL chiral bag model is intro- 
duced in the 1+1 dimensional system. Using the hedgehog ansatz and the mean field 
approximation for the NJL interaction, a self-consistent equation is derived. Chiral vac- 
uum polarizations such as the baryon number conservation and the chiral Casimir energy 
are investigated carefully. The self-consistent equation is solved and the total energy of 
the NJL chiral bag is investigated. In Section 3, our results are discussed. The final 
section is devoted to the conclusion. 



The chiral bag with the NJL interaction in one 
dimension 



2 . 1 Lagrangian 

The purpose of this section is to formulate the 1+1 dimensional chiral bag with the NJL 
[To] (or the Gross- Neveu [33]) interaction. Here, we discuss effects of finite quark mass, 
which are induced by the mean field of the NJL interaction, to the vacuum polarization 
in the chiral bag. We consider the lagrangian 



^^|^-G{(#)' + (^z75^)'} 



e{R-\x\) - ]^^\J^'"4)b{\x\-K) 
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{2-U-U^) 



\x\ 



R), 



where the quark field ip has single flavor with U(l) x U(l) symmetry inside the one 
dimensional bag |a;| < i?. In 1+1 dimension, the quark field is expressed by a two 
component Dirac spinor with the gamma matrices given as 
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in the chiral representation. The quarks inside the bag interact with each other through 
the NJL interaction in the second term in the first bracket with a coupling constant G. 
The second term with the S function represents an interaction between quarks and pions 
at the bag surface at = R. The last term is the meson lagrangian outside the bag 
|x| > R. We use the sine-Gordon field with U(l) x U(l) symmetry [3] 
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which mimics the topological property of the pion field in the 1+3 dimensional system 
in the Skyrme model [351 EZl EH]- The delta function with U"'^ = e^^^'^ gives a chirally 
symmetric interaction between quark and pion at the bag boundary. The last term with 
A is a cosine potential to give a dynamically stable soliton solution, in which A plays a 
role of the "pion mass". The pion decay constant is a dimensionless quantity in the 1+1 
dimensional system, and can be eliminated by rescaling the chiral field and the pion mass. 
The energy of the sine-Gordon field is 8A when we take the zero bag radius limit. 

Considering the strong coupling between quarks and mesons at the bag surface, we 
introduce the "hedgehog" mean fields. In the meson field for |x| > R, we consider 

= e{x)F{x), (4) 

with a chiral angle F which is a positive function of the position x. The sign function 
e{x) = x/\x\ represents the "hedgehog" structure in the 1+1 dimensional system [M] . 
The equation of motion of the meson, 

- dl(j) - A^ sin(0 - vr) = 0, (5) 

has a static solution in the limit of the zero bag radius, 

F{x) = e{x) (2n - 4 arctan e^'^^l) . (6) 

Note that F{x) approaches zero in the limit |x| — >■ cx) as shown in Fig[Tl This behavior 
mimics the Skyrmion solution in the 1+3 dimension. Our solution coincides with the 
conventional solution in the sine-Gordon equation except for a phase factor. For instance, 
if we replace F{x) F{x) + 2tt for x < 0, we find a continuous solution at x = satisfying 
F(-oo) = 2tt and F(+oo) = 0. 

For the quark sector inside the bag, we introduce quark condensates not only in the 
scalar channel but also in the pseudoscalar channel. In the mean field approximation, we 
take the following ansatz 

-2G(^^) = mcosF, (7) 
—2G {ipi'-y^ip) = me(x)sinF, (8) 

for a self-consistent equation with a dynamical quark mass m. The mean field approx- 
imation is taken in a basis set of the quark wavefunctions in the bag. Here we assume 
that the quark mass m and chiral angle F are chosen to be independent of the position 
X inside the bag. We mention that F is continuous to F{x) at = R. As a result, we 
obtain the lagrangian 



C = 

+ 



2 ^ 

^(9,.F)2-A2(l + cos(F-7r)) 



ij9{R - \x\) - ^7/^e^^5^^(^V'^(k| - R) (9) 

e{\x\-R). 



The quark mass term with a constant chiral angle F keeps a symmetry of the lagrangian 
under the transformation F ^ n — F as we see below. We call the term, e''"'^^^^^\ as the 
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Figure 1: The solution of the sine-Gordon equation in the zero bag radius hmit. See Eq. ([6]). 

chiral phase. The chiral phase was equal to one in our previous analysis, since only the 
scalar channel was chosen in the mean field approximation [42j . There, the chiral Casimir 
energy diverges in the small bag radius limit. In the following discussion, we will show 
that the chiral phase plays an important role, not only in the vacuum polarization, but 
also in the quark condensates. 

The surface term in Eq. ([9]) induces a bag boundary condition at x = R 

= -e'^-z^ip. (10) 

Then, the eigenvalue equation is obtained as 

E{1 + K, sin F) sin kR — k cos F{k cos kR + m sin kR) = 0, (11) 

for the states with \E\ > m with quark energy E"^ = k"^ + rn? and momentum k. For 
\E\ < m, replacing k ik with E^ = —k'^ + m^, we obtain 

E{1 + KsinF) sinh/ci? — k cos F{k cosh kR + msinh kR) = 0. (12) 

The parity k = ±1 is defined by the parity transformation 

ip{x) — i> 'joip{—x) = Ktp{x). (13) 

In Fig. [2], we plot the quark eigenenergy E as functions of the chiral angle F for 
massless quark, mR = 0, and massive quark, mR = 1. It is seen that the quark energies 
are odd functions of F — tt/2. Namely the quark spectrum is anti-symmetric under the 
transformation oi F ^ -k — F . It is also interesting that the energy levels are periodic 
with the periodicity vr along with F. In particular, the lowest level crosses E' = at 
F = 7r/2 regardless the mass value m. This is due to the chiral phase in the mass term 
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(a) mR=0 



(b) mR=1 
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Figure 2: Quark eigenenergies as functions of the chiral angle F for (a) niR 
The solid and dashed lines indicate the parity k = + and — , respectively. 



and (b) mR = 1. 



in Eq. ([9]); without the chiral phase this property is not maintained as shown in [251 H2] . 
In Fig. [21 in the small energy region near ii^ = 0, we see that the spectrum for massive 
quark is modified as compared with that for the massless quark. However, the asymptotic 
behaviors in the high energy region are qualitatively similar to the massless case. 



2.2 Chiral vacuum polarizations 

In the NJL chiral bag model, various quark matrix elements have contributions from 
the vacuum due to the modification of the Dirac spectrum by the strong pion field. In 
this subsection, we discuss the vacuum polarization including the effect of the finite quark 
mass. In principle, the quark mass m is related with the chiral angle F and the bag radius 
R through the self-consistent equations, (171) and (JH]). However, in order to understand the 
finite quark mass effect on the vacuum polarization, we take the quark mass as a constant 
value irrespective to the chiral angle and the bag radius in this subsection. 

Let us first investigate the baryon number. In the previous studies, the total baryon 
number was shown to be always conserved, where the contribution of the bag vacuum 
played an essential role [391 1301 HIl HSj. Here, once again in the present model, the exact 
conservation of the baryon number can be shown. 

The expectation value of the baryon number carried by quarks is defined by the sym- 
metric sum over positive and negative energy states. The baryon number is defined by 



Eq(m,F) 



- lim 

2 v^+o 



En>0 



E e 

Era<0 



-V\Em\R 



(14) 
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where the summation converges thanks to the convergence factor e"*^!^"!-^. Instead of the 
exponential type, it is much easier to use the Strutinsky method in numerical calculations. 
This method has an advantage that a sufficient convergence is obtained by summing these 
series up to n < 20 [IHl HI] , while in the other methods we need more states, typically 
n < 100 [IHl HH]. The numerical results agree with the form 

^) - I 1 - F/tt for n/2<F< vr, ^^^^ 

which is valid for any quark mass m. This solution is obtained easily by analytical 
calculation especially for the massless quark. Therefore, containing the valence quarks 
with the baryon number B^^x = lforO<-F<7r/2 and for 7r/2 < F < tt, we obtain the 
baryon number in the quark sector as 

o ,^_fl-F/7r (i?.ai = l) for 0<F<n/2 
I I-F/tt (5,ai = 0) for 7r/2<F<7r, 

which give fractional baryon numbers depending on the chiral angle. 

The total baryon number in the quark and pion sectors is conserved irrespective to 
the chiral angle. We define the pion topological current 

27r 27r ^ ^ ' 

Then, the fractional baryon number in the pion sector is 

Bs = / J°dx = -2— / ^dx = F/tt. (18) 
^ J\x\>R 2nJR dx ' ^ ' 

Then, the total baryon number is given as sum of them in the quark and pion sectors; 

B = -Bval + Bq + B^ = 1. 

Next we consider the chiral Casimir energy of the bag vacuum. The chiral Casimir 
energy is defined as the difference of the energies at F and F = 0, 



E,{m,F)=E,{m,F)-E,{m,0), (19) 



where 



F,(m,F) = -iv4 lim 

2 ri^+O 



(20) 



_En>0 S„<0 

with Nc = 3. Especially for massless quarks, an analytical result is obtained as 



Fio F)-l ^cFV47r for < F < n/2 

"^^^^^■^ > - \ N,{F-n)y4n for n/2<F<7i. ^ ' 

In general, the numerical results for the chiral Casimir energies are shown as functions of 
the chiral angle for several quark masses in Fig. [3l It is a remarkable point that the chiral 
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Figure 3: The chiral Casimir energy as a function of tlie cliiral angle F. Tlie solid, long 
dashed and short-dashed lines indicate the quark masses mR = 0, 1 and 2, respectively. 



Casimir energy vanishes at the chiral angle F = ir, not only for massless quarks, but also 
for massive quarks. This is because the chiral phase in the quark mass term in Eq. (Q 
conserves the chiral symmetry in quark sector. Indeed, the chiral phase guarantees the 
periodic structure of the quark spectrum and the energy spectrums coincide at F = 
and F = 71 except for parity as shown in Fig. [2l This result ensures a continuity from 
the bag model to the Skyrmion, as we discuss later. We mention that, without the chiral 
phase, the chiral Casimir energy takes an infinite value at F = vr and the continuity is 
not maintained for massive quarks, as discussed in [2SII12]- 



2.3 Self-consistent solutions 

Now, we consider the self-consistent equations and ([H]). We regard the quark mass 
and the chiral angle as averaged values inside the bag, since they are assumed to be 
independent of the position. Correspondingly, we also consider that the quark scalar and 
pseudoscalar densities for each eigenstate n are defined as values averaged over the bag 
volume, 



V 



1 /•« - 
— / Ipni^ndx, 
V J-R 



1 1 - 

ipni'^-,e{x)i)n = — ?/^„«75e(a;)V'„da;, 

JV V J~R 



(22) 
(23) 



with bag volume V = 2R. Here, e(x) is multiplied in Eq. ([8]) for convenience in the 
following discussions. 

Next, we calculate the vacuum polarization of the scalar and pseudoscalar condensates. 
For this purpose we consider the following sum over all the states with positive and 
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negative energies, 



-Nc- lim 
-A^c- lim 

2 r;^+0 



-r)|£;„|H 



?„>o £;„<o 



-e;„>o 



-e;„<o 



V 



(24) 

-r;|£;„|R 

(25) 



The scalar condensate is an odd function of F — 7r/2, and the pseudoscalar condensate is 
an even function. In other words, the former has an odd symmetry for change F ^ tt — F 
and the latter has an even symmetry. Once the quark condensates are obtained for 
< F < 7r/2, they are applied straightforwardly to7r/2<F<7r. Therefore it is 
sufficient to consider only the range ofO<F<7r/2in the foUowings. 

The mode sums (1241) and fl231) contain logarithmic divergences coming from the ultra- 
violet energy region unlike the baryon number and the chiral Casimir energy. For massless 
quarks, we obtain analytically the asymptotic behavior in the limit rj +0, 



s 



2ttV 
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cosF 



H 



H 
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+2suiF IH 
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2^ 
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TT 



H 
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2 + 



F\ vr , ■ 

- +21og- + 21ogr7 

V 4 27r 

F\ , TT 

-U21og- 



2 logT] 



for < F < 7r/2. Here, H{x) is a harmonic number defined as 

H(x) - 



TT TT 



+ 0[vU26) 

3 F\ 
~4 ~ 2^) 

+ 0[v], 

(27) 



(2J 



with the Euler constant 7 and the digamma function \E'(a;). It shows that the scalar and 
pseudoscalar condensates have the logarithmic divergences proportional to (cos F log ?]) /vr 
and (sin F log 1]) / vr, respectively. These terms induce ultraviolet divergence in the quark 
condensates at high momentum region. The logarithmic divergences for massive quarks 
has been also confirmed numerically, provided that the coefficient of the divergent term 
depends on the quark mass. Considering the asymptotic form of the divergent terms, we 
remove the divergences and obtain finite values in the following prescription. Keeping the 
discrete symmetry between F and tt — F, we define 



(?/'i75e(x)^) 



fin 
sea 



(?/'?/')sea - 



QF-2 



COS F, 
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Figure 4: The quark condensates in units of 1/V as functions of the chiral angle F for several 
quark masses mR = 0, 1 and 2. (a) the scalar condensate and (b) the pseudoscalar condensate. 
The solid lines indicate the sum of the valence and vacuum contributions, and the dashed lines 
indicate only the sea contribution. 



We notice that in (!29|) and (!30|) . the direct subtraction of the divergent part, such as 
{4'4')sea — ii^i^) sea,F=o, IS not appropriate, since it breaks the symmetry between F and 
TT — F. The reference point is chosen at F = vr for both the scalar and pseudoscalar 
densities. It is also possible to choose F = as a reference point, provided that the signs 
in the second terms in (|29l) and (l30l) are changed to plus. Especially for massless quarks, 
we obtain the analytical results; 
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for < F < 7r/2. Here is the zeta function. Using the symmetry properties of the 
scalar and pseudoscalar condensates, the results can be extended to all values of F. 

The quark condensate including the valence quarks is given as a sum of valence and 
sea quark contributions. 



(31) 



(32) 



j75Fe(x)^^fin 



TT 



9 -r-F]N, 



V'vaie' 
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fin 
sea" 



(33) 



The sea quark contribution is obtained after performing the subtraction 



and 



fin 

sea 



{^^)!:, cos F + {^t^,eix)^)Z sin F 



fin 



(34) 
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The valence quark contribution is 



V^valV'vall^ COSF + [Vval«75e(a;) V^val 



V 



sin F, 



(35) 



where ^pyal is the wave function of the lowest O''" state with positive energy. In ([33]), the 
valence quark is contained only for < F < 7r/2, as indicated by the step function. 
In Fig. m (a) and (b), the scalar condensate, 



01} 



F]Nr 



V'valV'val + (^^) 



fin 
sea' 



and the pseudoscalar condensate. 
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^vai«75e(a;)V'vai + {i'i'j5e{x)i') 



fin 
sea' 



(36) 



(37) 



in Eq. (1331) are shown as functions of the chiral angle F for several quark masses m, 
respectively. For < F < n /2 the valence quarks are contained, while for 7r/2 < F < vr 
they are not contained. The sum of the valence and sea quarks are indicated by solid 
lines, and the sea quarks are by dashed lines. The scalar condensates are positive, while 
the pseudoscalar condensates are negative. 

However, these quark condensates do not supply a continuous transformation to the 
MIT bag in the large bag radius limit, since the above defined scalar condensate gives a 
finite value at F = and m = 0. In order to impose of the MIT bag condition, we choose 
the reference point of the quark condensate at F = 0, 



{ipe 



i-ysFtix) I \phys 



i75-Fe(x) ; \fin 



fin 



F=0,m=0 



(38) 



This condition guarantees that for massless quark the quark condensate fl38|) becomes 
zero in the limit F — > 0, and hence quarks become massless in the large MIT bag. It also 
results in the condition that the scalar component of the quark condensate vanishes in 
this limit, where the bag boundary conditions play no role for the generation of the quark 
condensate. 

Now let us consider the self- consistent equation for dynamical quark mass 



i75Fe(x)^^phys 



niR, 



(39) 



which is obtained from the mean field approximation ([71) and ([H]) and the redefinition of 
the quark condensate indicated in Eq. Here the bag radius R is multiplied in the 

both sides to make them dimensionless. By setting G = 0.2, we compare the left and 
right hand sides of the self-consistent equation ( !39l) for several chiral angles F and quark 
masses m. The quark condensate, 2GR{^e^'^^^'^'^^'>ilj)^^'^^ ^ in the left hand side is shown 
as a function of the quark mass for each chiral angle F = 0,F = 7r/2 and F = vr by 
the thick solid, long-dashed and short-dashed lines, respectively, in Fig. O (a). The right 
hand side is indicated by the dot-dashed line in the same figure. As we see, the chiral 
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Figure 5: (a) The quark condensate, 2Gi2(V'e*'^5F'(^')V'>''''^', in the the left hand sides in Eq. 
as functions of mR for G = 0.2. See the text for details, (b) The quark mass m as functions of 
the chiral angle F for G = 0.2. The solid line contains valence and sea quarks. The dashed line 
indicates the solution in an empty bag in which the valence quarks are not contained. 



angle F = gives zero quark mass, while the other F = 7r/2 and F = tt give finite quark 
masses mR = 0.35 and mR = 0.72, respectively. 

More explicitly, we show the quark mass m as a function of the chiral angle F in Fig. 
(b). The solid line indicates the self-consistent solution in the bag with the valence quarks 
contained, while the dashed line indicates the solution in an empty bag with no valence 
quark. The quark mass increases as the chiral angle increases. It is noted that the quark 
mass is equal to zero at F = due to the MIT bag condition fl38|) . 

It is interesting to consider an empty bag, although such a state cannot exist in reality. 
There, the quark mass has a maximum value at F = and tt, and the minimum value 
at F = 7r/2. This result is interpreted as a change of the quark mass when the pion field 
moves along the chiral circle of ct^ + tt^ = const. It indicates that the quark mass increases 
as the chiral angle approaches the a axis (F = and vr), while it decreases as the chiral 
angle approaches the vr axis (F = 7r/2). On the other hand, once the valence quarks 
are included for < F < 7r/2, the quark condensate is suppressed and the quark mass 
becomes smaller. It is consistent with our intuitive understanding about the vacuum. 



2.4 Energy 

Now, we discuss the total energy of the NJL chiral bag, the sum of the quark and pion 
energies; 

E = E^ + E^ = e(^^-F^ Fvai + Fe + E„, (40) 

with the quark energy Fq as a sum of the valence quark energy F^ai for < F < 7r/2, 
indicated by the step function, and the chiral Casimir energy Fc, and the pion energy 
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given as 



E^ = 2 



oo 



R 



^{d,Ff + X\l + cosF) 



dx. (41) 



For a given bag radius, we solve the equation of motion for pion, and perform the total 
energy variation with respect to the chiral angle. This procedure is nothing but the 
continuity condition for the axial current at the bag surface. We have two free parameters; 
the pion mass A and the NJL coupling constant G. We fix A = 0.125 GeV to obtain the 
soliton mass 1 GeV in the Skyrmion limit. We use G = 0.2 and in the foUowings. 

The chiral angle is plotted as a function of the bag radius for G = 0.2 (thick line) and 
(thin line) in Fig. [6l The chiral angle approaches vr in the limit of the small bag radius. 
Consequently the Skyrmion and the MIT bag is connected smoothly by changing the bag 
radius. 

In Fig. [71 we show the total energy E (solid line), pion energy E,, (dashed line), quark 
energy Eg (dot-dashed line) as functions of the bag radius R. Here G = 0.2 and are 
represented by thick lines and thin lines, respectively. As seen in the conventional chiral 
bag model {G = 0), the pion energy is dominant rather than the quark energy for small 
bag radius, and vice versa for large bag radius. The former gives the Skyrmion, and 
the latter gives the MIT bag. The dominance of each contribution is clearly seen as the 
NJL coupling constant is switched on; the pion dominates for R < 0.4 fm and the quark 
dominates for i? > 0.4 fm. Note that the total energy becomes rather independent of 
the bag radius R when the volume term BV with a suitable value of the bag constant 
B. Therefore, the Skyrmion and the MIT bag are smoothly connected by varying the 
bag radius, consistent with Ceshire Cat picture, which is well known in the conventional 
chiral bag model. 

In Fig. [HI we show the dynamical quark mass as a function of the bag radius for 
G = 0.2. The quark mass approaches zero in the large bag radius, which is consistent 
with the condition of the MIT bag. On the other hand, the quark mass is dynamically 
generated for finite bag radii. Therefore, we find that the NJL interaction induces the 
dynamical quark mass in the chiral bag. Although the quark mass becomes too large for 
small bag radii, R < 0.2 fm, it should not be taken too seriously. For small bag radii, 
the four point quark interaction G may decrease, hence the quark mass approaches a 
finite value in the small bag radius limit. Consequently our model serves a description 
that confined quarks in a finite size bag behave as constituent quarks. The fact that the 
finite dynamical quark mass is induced inside a finite size bag may persist for the realistic 
situation of 1+3 dimensions, implying spontaneous breaking of chiral symmetry. 



3 Discussion 

One of features in our model is that the quark condensate is induced by the NJL interaction 
in the chiral bag as a mode sum. Therefore, it would be interesting to discuss our results in 
comparison with the previous studies of the non-perturbative feature in the conventional 
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Figure 6: The chiral angle as functions of the bag radius for G = 0.2 (thick hne) and G = 
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Figure 7: The total (solid lines), the pion (dashed lines) and quark (dot-dashed lines) energies 
as functions of the bag radius. G = 0.2 for thick lines and G = for thin lines. 
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Figure 8: The quark mass as a function of the bag radius for G = 0.2. 

chiral bag model. In the chiral bag model in 1+3 dimension with massless quarks, the 
quark scalar density is shown to take —0.075 cos at the center of the bag with the 

chiral angle F and the bag radius R [T3]. This cosF dependence of the quark scalar 
density is similar to that obtained in the present calculation, as we see from Eq. (PUI) . 
Although the direct comparison of the coefficients does not make much sense, qualitative 
agreement between the two results indicates that we can proceed further discussions about 
quark condensates in a formalism of the NJL chiral bag model. 

Previously, it was discussed by Kunihiro to employ the NJL model inside the chiral 
bag [131 HI] . There the strong S ~ (gg) field is considered to cause the chiral symmetry 
breaking in the bag. In our discussion, the dynamical quark mass in the empty bag takes 
a maximum value at the chiral angle F = and vr as shown by the dashed line in Fig. [5] 
(b). This means that the quark mass becomes maximum when the point on the chiral 
circle approaches the sigma axis. Therefore the idea of Refs. [THl E] is supported by the 
present analysis in the NJL chiral bag model. 

4 Conclusion 

We discuss the quark condensate in the chiral bag with the NJL interaction inside the 
chiral bag. We employ the 1+1 dimensional model in order to avoid numerical complica- 
tion. In the outside region of the bag, the sine-Gordon field is introduced for topological 
properties as a pion cloud to mimic the Skyrmion in the 1+3 dimensional system. 

Considering the strong correlation between the quarks and pions, the hedgehog ansatz 
is employed for the mean fields of the quarks and pions. The scalar and pseudoscalar 
densities are defined as mean fields with the chiral angle in a self-consistent way. These 
quark condensates are then computed explicitly as mode sums in the chiral bag. Solutions 
of the mean field equation leads to the generation of the dynamical quark mass. As a 
chiral vacuum polarization, conservation of baryon number is shown to be valid for finite 
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quark condensate. The chiral Casimir energy is also shown to be well defined without 
divergence. There it is important that the symmetry of the single quark spectrum is 
conserved by the chiral phase. Consequently, the NJL chiral bag connects smoothly the 
finite size bag and the Skyrmion as the Cheshire Cat picture implies. We emphasize that, 
without the chiral phase, the smooth behavior is not obtained for massive quarks [25l [i2]. 

The generation of dynamical quark mass in a bag supports the previous conjectures 
that the non-perturbative dynamics of quarks and gluons remain inside the bag [131 [H 
[T3] . It suggests us to reconsider the original picture of the MIT bag model in which a 
perturbative space is assumed inside the bag. It would be interesting to consider the 
relevance to the recent observation in the RHIC experiments which indicate strong quark 
correlation with finite mass at temperature higher than Tc. In order to have clear picture 
for non-perturbative dynamics of the bag, it will be an interesting subject to study the 
realistic 1+3 dimensional NJL chiral bag, and discuss physical observables, which can be 
compared with experimental data. 
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